
1. Introduction
The experimental powder diffraction peak

profiles are affected not only by the crystallo-
graphic structures or microstructures of powder
or polycrystalline specimens, but also by the
spectroscopic properties of the X-ray source
and optical aberrations of the diffractometers.
The effects of those aberrations are approxi-
mately represented by the convolution with the
instrumental function. When the “experimental
profiles”, “intrinsic profiles” and “instrumental
functions” are represented by the functions
p(x), f (x) and w(x), respectively, the convolution
relation is expressed as

(1)

The intrinsic profile f (x) can be derived from the
experimental profile p(x) and instrumental func-
tion w(x) by applying the following deconvolu-
tion procedure based on a Fourier method,

(2)

(3)

(4)

An attempt to eliminate instrumental aberra-
tions from powder diffraction data applying the
Fourier-based deconvolution method has al-
ready been reported by Stokes in 1948 [1].

Stokes has shown that the experimental diffrac-
tion peak profile of a well-annealed specimen
can be used as the substitution for the instru-
mental function. The method of Stokes has
been applied for analysis of diffraction peak
profile during the past five decades [2, 3], even
though the validity of the method is restricted
only for a narrow angular range of the diffrac-
tion data, in principle.

In this paper, a new Fourier-based deconvolu-
tion method for eliminating instrumental aber-
rations from experimental powder diffraction
data is proposed. The method is more advanta-
geous than the conventional method of Stokes
at the following points: (i) measurement of stan-
dard material is not needed, because the analyt-
ical expressions of the instrumental aberrations
are properly used as the instrumental functions;
(ii) the whole powder diffraction data over wide
range of diffraction angles are simultaneously
processed within short computing time; (iii) the
estimation of error propagation through the de-
convolution process is possible, which enables
application of weighted least squares analysis
to the deconvoluted data.

2. Theoretical Framework
It is considered that the total instrumental

function of a powder diffractometer should be a
multiple convolution of various instrumental
aberrations caused by different origins [4]. The
dependence of the profile of the instrumental
function on the diffraction angle is conse-
quently quite complicated. However, the angu-
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lar dependence of each component aberration
function is not formidably complicated, and
most of the aberration functions show only
change in width keeping the similar shape of
the profile [5]. In such a case, the whole diffrac-
tion data can be considered as a convolution
with a common instrumental function, when we
apply an appropriate scale transformation for
the abscissa [6].

Figure 1(a) shows a part of the powder dif-
fraction pattern of LaB6 standard powder sam-
ple (NIST SRM660) measured with a laboratory
diffractometer. Since the CuKa radiation is used
as the X-ray source, each reflection exhibits a
doublet of Ka1 and Ka2 peaks. The separation of
the Ka1 and Ka2 peaks is larger in the higher
angle range, while it becomes smaller in the
lower angle range. It indicates that the convolu-
tion relation is only locally valid, and the whole
diffraction data cannot be treated as a convolu-
tion with a unique instrumental function. How-
ever, one can imagine that the diffractogram
with even separation of doublets may be cre-
ated, if the abscissa scale in the lower angle
range are stretched and/or the scale in the
higher angle range is compressed. When the
same diffraction data are plotted on the ab-
scissa scale of ln(sin q) instead of 2q , the diffrac-
togram certainly exhibits evenly separated dou-
blets as shown in Fig. 1(b), which means that
the whole pattern can be treated as a convolu-
tion with the common instrumental function for
the diagram shown in Fig. 1(b).

2.1. Scale Transformation
We assume that the dependence of the instru-

mental aberration function on the diffraction
angle keeps similar shape and is completely de-
scribed only by the angular dependence of a
width parameter g(2q). Then the instrumental
function w(D2q ; 2q) can be represented by
using a function with single argument w(x), as

(5)

where b is a constant parameter independent of
2q . When the primitive function of the recipro-
cal of g(2q) is represented by G(2q), that is,

(6)

the new scale defined by c ¤G(2q) satisfies the
following relation,

(7)

which means that the angle-dependent width
on the 2q-scale, bg(2q), corresponds to the con-
stant width b on the c-scale. Therefore, the peak
profile on the c-scale can be represented as the
convolution with a unique instrumental function
w(c /b), which means that the instrumental func-
tion can be removed from the entire data by a
standard Fourier deconvolution method on the
c-scale.
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Fig. 1. Powder diffraction patterns varied on different abscissa scales. (a) The raw diffrac-
tion intensity data of a LaB6 powder sample on the abscissa scale of 2Q ; (b) the same intensity
data on the abscissa scale of ln(sin Q).



The raw experimental diffraction data are as-
sumed to be given by the sets of diffraction an-
gles {2Qm}, scattering intensities {Sm} and the
error data {DSm} (m�0, . . ., M�1). The scale
transformed data sets for abscissa {cm}, ordi-
nate {hm} and error {Dhm} are calculated by

cm¨G(2Qm) (8)

(9)

(10)

where the function C(2q) represents the inten-
sity correction for powder diffractometry given
by

(11)

and

A�cos 2qM (12)

with a monochromator of the diffraction angle
2qM, or A�1 without a monochromator.

2.2. Interpolation
The scale-transformed data points of abscissa

{cm} (m�0, . . ., M�1) obtained by the procedure
described in the preceding section are not
evenly spaced. Application of the fast Fourier
transform (FFT) algorithm for the calculation of
deconvolution is enabled by creating evenly
spaced data by interpolation. The cubic spline
interpolation algorithm is conveniently applied
to create evenly spaced data sets of abscissa
{xn} and ordinate {yn} (n�0, . . ., N ��1), from the
sets of {cm} and {hm} (m�0, . . ., M�1). The num-
ber of the interpolated data N � should be less
than the total number of data points N (an inte-
ger power of 2) used for the FFT calculation to
avoid boundary effect in the discrete Fourier
transform by filling (N�N �) data with zero. The
interval of the {xn}-data should be finer than the
minimum interval in the {cm}-data.

In order to keep the statistical properties of
the data unchanged through the interpolation
process, the error data {Dhm} are further modi-
fied to {Dh�m} by the following equation,

(13)

before the interpolation process, where Dcm
and Dx are the intervals of the source and inter-
polated data. Then, the error data {sn} for

evenly sampled ordinate {yn} are similarly cre-
ated from {Dh�m} by a cubic spline interpolation.

2.3. Deconvolution of Instrumental Function
The Fourier transform W (x) of the instrumen-

tal function w(x) is defined by

(14)

Assuming that the instrumental function is rep-
resented by a discrete formula {wn} (n�0, . . ., N ),
the discrete Fourier transform is given by

(15)

where the periodicity of W�k�WN�k is implicitly
assumed. It is less ambiguous for the discrete
formula {wn} to be treated as the inverse Fourier
transform of the discrete Fourier coefficient
{Wk}, when the analytical formula W (x) for the
Fourier transform of the instrumental function
is available.

The discrete Fourier coefficient {Wk} is con-
nected with the analytical form of the Fourier
transform W (x) by the following relation:

(16)

where Dx is the sampling interval of the data.
The discrete formula of the instrumental func-
tion {wn} is given by

(17)

It should be noted that the following discrete
convolution relation is satisfied,

(18)

for the source data {yn}, deconvolution {zn} and
instrumental function {wn}.

The deconvoluted intensity data {zn} are calcu-
lated by the inverse Fourier transform:

(19)

where {Yk} is the discrete Fourier transform of
{yn}, which is given by
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(20)

Provided that {yn} is evenly sampled data, the
FFT algorithm can be applied for all the numeri-
cal calculations of Fourier and inverse Fourier
transforms.

2.4. Error Propagation through Deconvolution
In this section, the propagation of the error

{sn} attached to the source data {yn} into the de-
convolution {zn} is discussed.

When we define the “inverse instrumental
function” {wn

(�1)} by the following equation,

(21)

the elements of the covariance (error) matrix for
the deconvoluted data {zn} are given by

(22)

and the elements of the weight matrix, which is
identical to the inverse of the covariance matrix,
are given by

(23)

When we neglect the off-diagonal elements of
the matrices, two different indicators, {dn} and
{en}, for the errors of the deconvoluted data {zn}
are derived by the following equations,

(24)

(25)

that is, {dn
�2} is the correlation between {s 2

n} and
{w 2

n}, and {s 2
n} is the convolution of {s 2

n} with
{[wn

(�1)]2}. Both of the indicators can be easily
evaluated by the FFT method.

3. Application to a Bragg–Brentano Dif-
fractometer

3.1. Instrumental Functions
The main instrumental aberrations of most

commonly used Bragg–Brentano type diffrac-
tometers are: (i) spectroscopic distribution of
the source X-ray, (ii) axial divergence aberra-

tion, (iii) flat-specimen aberration and (iv) aber-
ration caused by sample transparency. The in-
strumental functions, appropriate scale trans-
foms and the analytical formulas of the Fourier
transforms for each aberration are discussed in
this section.

3.1.1 Spectroscopic Properties of CuKa Radia-
tion

The experimental peak profiles are affected
by the spectroscopic properties of the source X-
ray, most significantly in the high diffraction
angle range. The CuKa radiation, which is fre-
quently used as the X-ray source for laboratory
diffractometers, exhibits double peaks corre-
sponding to Ka1 and Ka2 radiations. Numerous
methods have been proposed to eliminate the
unwanted Ka2 lines [7–12], but it seems that the
new method described in this paper is more ad-
vantageous for the simplicity in both theoretical
and practical aspects.

The spectroscopic intensity profile is approxi-
mated by the weighted sum of two Lorentzian
functions,

fX(l)�(1�r) fL(l�l1; Dl1/2)�rfL(l�l2; Dl2/2)

(26)

where l1 and l2 are the peak positions, Dl1 and
Dl2 are the full widths at half maximum of the
Ka1 and Ka2 radiations, respectively, and fL(x; w)
is the Lorentzian function defined by

(27)

The effect of the spectroscopic profile on the
diffraction peak profile is approximately given
by

wX(D2q)�(1�r)fL(D2q ; w1)
�rfL(D2q�2q2�2q1; w2) (28)

(29)

(30)

where 2q1 is the Ka1 peak position.
For the purpose of eliminating the Ka2 sub-

peak, the following formula can be applied as
the instrumental function,

wa2(D2q)�(1�r)d(D2q)

�rfL(D2q�2q2�2q1; w2�w1) (31)

which is connected with the function wX(D2q)
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by the following convolution relation,

wX(D2q)�fL(D2q ; w1)*wa2(D2q) (32)

The separation of the Ka1 and Ka2 peaks is ap-
proximated by

(33)

and the slight broadening of the Ka2 peak is ap-
proximated by

(34)

where g1 is an angle-dependent parameter de-
fined by

g1∫2 tan q (35)

When we define the following two angle-inde-
pendent parameters,

(36)

(37)

the function wa2(D2q) is rewritten as

wa2(D2q)�(1�r)d(D2q)
�rfL(D2q�ba2g1; Dba2g1) (38)

Since the width of the peak profile of the
wa2(D2q) function is proportional to g1, the
angle-independent formula of the instrumental
function can be obtained by the following scale
transformation from 2q to c1,

(39)

The instrumental function on the c-scale is
given by

w a2(c1)�(1�r)d(c1)�rfL(c1�ba2; Dba2) (40)

and the analytical Fourier transform of the func-
tion wa2(c1) is given by

(41)

The following values of the constants r , l1, l2,
Dl1 and Dl2 for the CuKa radiation can be used,

r�1/3

l1�0.15405981 nm

l2�0.154443 nm

Dl1�0.000058 nm

Dl2�0.000077 nm

3.1.2. Axial Divergence Aberration
The instrumental function for the axial diver-

gence aberration is given by

(42)

(43)

where g1∫2 tan q and g2∫2/tan q are the angle-
dependent parameters, FA is the full width at
half-maximum of the intensity profile along the
axial direction, and K0(x) is the modified Bessel
function of the second kind [13]. The function
wA(D2q) is exactly equivalent to the convolution
of the following two functions:

(44)

and

(45)

that is,

(46)

The upper-angle component of the axial-diver-
gence aberration function, wAA�(D2q), can be
transformed to the angle-independent formula
by applying the scale transform:

c1�G1(2q)�ln(sin q) (47)

which gives
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(48)

The analytical Fourier transform of the function
wA�(c1) is given by

(49)

The lower-angle component of the axial-diver-
gence aberration function, wA�(D2q), can be
transformed to the angle-independent formula
by applying another scale transform:

(50)

which gives

(51)
The Fourier transform of the function wA�(c) is
given by

(52)

In summary, the axial divergence aberration
can be eliminated from the entire diffraction
pattern by two-step deconvolutions of wA�(D2q)
on the ln(sin q)-scale and wA�(D2q) on the
�ln(cosq)-scale.

3.1.3. Flat-specimen Aberration
The flat-specimen aberration function on the

2q scale is given by

(53)

(54)

where g2∫2/tan q is the angle-dependent para-
meter, and FF is the equatorial divergence
angle, which is identical to the fixed open angle
of the divergence and scattering slits [4, 14].

The angle-independent formula of the flat-
specimen aberration function is available on the
scale c2��ln(cos q), which is given by

(55)

and the Fourier transform of the function wF(c2)
is given by

(56)

where C(x) and S(x) are the Fresnel functions
defined by

(57)

(58)

3.1.4. Effect of Sample Transparency
When the thickness of the specimen is suffi-

ciently greater than the penetration depth of the
source X-ray, the instrumental function for the
effect of sample transparency on the 2q-scale is
given by

(59)

(60)

where g3∫sin 2q is the angle-dependent param-
eter, m the linear absorption coefficient of 
the specimen, and R the goniometer radius [5].
The sample-transparency aberration function,
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wT(D2q), can be transformed to the angle-inde-
pendent formula by applying the third type of
scale transform:

(61)

The instrumental function independent of 2q is
then given by

(62)

The Fourier transform of the function wT(c3) is
given by

(63)

3.2. Analysis
Rapid evaluation of the deconvolution and

error indicators can be achieved by applying the
FFT algorithm. Figure 2 shows an example of
the deconvolution of (i) Ka2 peak, (ii) axial-div-
erence and (iii) flat-specimen aberrations, from
the whole diffraction data of a LaB6 sample.

A commercial diffractometer (RIGAKU RAD2-
C) with a CuKa tube as the X-ray source was
used for the measurement. The open angle of
divergence and scattering slits was FF�1° and a
couple of Soller slits to restrict the axial diver-
gence with nominal FWHM of FA�2.5° was

used. The data shown in Fig. 2 were collected at
the interval of 0.02° step, and include 6550 sam-
pling points. Interpolated data with 65536
points were temporarily created for the decon-
volution process.

Even though quite large number of data is si-
multaneously processed, all the calculation
have been finished within several seconds on a
personal computer (Apple iBook, PowerPC G3,
500 MHz).

Figure 3 shows how the diffraction peak pro-
files are changed on each deconvolution
process for the 100, 321, 510-reflections of LaB6
sample on magnified scales. The raw data are
shown in Fig. 3(a) and the errors based on
counting statistics are shown in Fig. 3(b).

Figure 3(c) shows the results of elimination of
Ka2 peak by the deconvolution method. The
shoulder structure on the higher angle side of
the main peak of the 100-reflection is removed,
and the asymmetric profile of the 100-reflection
is rather emphasized. The separated Ka2 peaks
are also successfully removed, as can be seen
in the peak profiles of 321 and 510-reflections.

Figure 3(d) shows the results of further de-
convolution of axial divergence effect. Signifi-
cant change appears in the peak profile of the
low-angle 100-reflection. The heavily asymmet-
ric profile in Fig. 3(c) becomes fairly symmetric
and sharpened shape in Fig. 3(d). The longer
tail on the higher angle side of the 510-reflec-
tion in Fig. 3(c) is also reduced in Fig. 3(d). The
results are both reasonable, because the longer
tail caused by the axial divergence aberration is
theoretically predicted on the lower angle side
for the low-angle reflections and on the higher
angle side for the high-angle reflections [13].
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Fig. 2. Deconvolution of whole powder diffraction data. (a) The raw diffraction profile of a
LaB6 powder sample; (b) the result of deconvolution, where spectroscopic Ka2 subpeak, axial
divergence and flat-specimen aberrations are eliminated.



Figure 3(e) shows the results of elimination of
the flat-specimen effect. Changes in peak pro-
files are not significant, but small shift of the
peak position is found for the low-angle 100-re-
flection. It has been known that the experimen-
tal peak position is shifted to the lower angle by
the effect of flat-specimen aberration. The result
suggests that such a systematic error can be au-
tomatically corrected by applying the deconvo-
lution. It can be confirmed that all the peak pro-
files in Fig. 3(e) are singlet, more symmetric and
sharpened as compared with the raw data in
Fig. 3(a).

Figures 3(f) and (g) show the range of the
error indicators {�dn} and {�en}, for the decon-
voluted data shown in Fig. 3(e). It has been
found that the values of {dn} and {en} are consid-
erably affected by the numerical treatment of
the boundary on the Fourier calculation. It
seems that {dn} is more reasonable as an error
indicator for the deconvoluted data, while {en}
tends to overestimate the errors, as compared
with the amplitude of the noisy structure in the
deconvoluted intensity profiles.
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Fig. 3. Changes of diffraction peak profiles through the deconvolution process shown in Fig.
2. (a) Raw data; (b) errors evaluated by counting statistics; (c) data after elimination of Ka2 sub-
peak; (d) data after elimination of axial divergence aberration; (e) data after elimination of flat-
speimen aberration; (f) error indicator {�dn}; (g) error indicator {�en}.



4. Conclusion
A new approach to eliminate the effects of

spectroscopic properties of the source X-ray
and instrumental aberrations of powder diffrac-
tometers is presented. The method is based on
the precise theoretical expressions of the instru-
ments and the convolution theorem. An effi-
cient numerical evaluation of deconvolution is
achieved by applying fast Fourier transform
technique. The method would be particularly
useful for microstructure evaluation based on
precise peak profile analyses.
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